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A PROOF OF THE CHERN-GAUSS-BONNET THEOREM FOR INDEFINITE
SIGNATURE METRICS USING ANALYTIC CONTINUATION
P. GILKEY, AND J. H. PARK
Abstract. We derive the Chern-Gauss-Bonnet Theorem for manifolds with smooth non-degenerate
boundary in the pseudo-Riemannian context from the corresponding result in the Riemannian set-
ting by examining the Euler-Lagrange equations associated to the Pfaffian of a complex “metric”
on the tangent space and then applying analytic continuation.
1. Introduction
The use of analytic continuation to pass between the spacelike and the timelike settings in pseudo-
Riemannian geometry has proven to be a very fruitful technical tool. In the study of Osserman
geometry, Garc´ıa-Rı´o et al. [14] examined complex “tangent vectors” (i.e. elements of TM ⊗RC) to
show that spacelike Osserman and timelike Osserman were equivalent concepts; subsequently other
authors used a similar technique to show that timelike Ivanov–Petrova, spacelike Ivanov–Petrova,
and mixed Ivanov–Petrova were equivalent concepts as were spacelike Szabo´ and timelike Szabo´ (see
the discussion in [16] for example).
In this paper, we will use analytic continuation to show that results holding in the Riemannian
context can often be extended to the pseudo-Riemannian context with relatively little additional
fuss. For example, if (M, g, f) is a gradient Ricci solution and if Hf is the Hessian, then one has the
identity
(∇∇f Ric) + Ric ◦Hf = R(∇f, ·)∇f + 12∇∇τ .
This was proved in the Riemannian setting [31]; one can use analytic continuation to extend this
identity to the indefinite setting [8].
In all cases, one first extends the relevant notions to complex “metrics” (i.e. sections g to
S2(T ∗M) ⊗R C satisfying det(g) 6= 0) or complex “tangent vectors”, applies analytic continuation,
and thereby passes from one signature to another. This general meta principle is best illustrated
by example and we shall take as our example the Gauss-Bonnet theorem. In this paper we shall
derive the Chern-Gauss-Bonnet theorem for manifolds with non-degenerate boundary in the pseudo-
Riemannian context from the corresponding result in the Riemannian setting; this gives what we
believe is an elegant and conceptual proof that makes direct use of the results of [9].
The 4-dimensional Chern-Gauss-Bonnet integrand E4, modulo a suitable normalizing constant, is
given by 132π2 {τ
2− 4|ρ|2+ |R|2} where τ is the scalar curvature, |ρ|2 is the norm of the Ricci tensor,
|R|2 is the norm of the total curvature tensor, and the signature is Riemannian. E4 has played a
useful role in many papers recently in mathematical physics - especially in the study of Einstein-
Gauss-Bonnet Gravity. Lovelock [27] introduced generalized theories of this type. Koshelev [21], and
Izaurieta and Rodriguez [19] examine Einstein-Gauss-Bonnet gravity in five-dimensional spacetime.
Such theories contain higher order curvature corrections to general relativity; the field equations
for the metric are second order. There is an enormous literature on this subject and the subject
has been studied extensively. Blumenhagen et al [6] propose a Palatini-type action with non-trivial
torsion and Gaves et al. [35] examine the Hamiltonian for a collapse in the spherically symmetric
setting. The Gauss-Bonnet integral also appears in the study of thick braneworlds. Herrera-Aguilar
et al. [18] use a scalar field for matter which is non-minimally coupled to the Chern-Gauss-Bonnet
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term. There is also a Teleparallel equivalent of Gauss-Bonnet gravity which is novel modification
of gravity with no known curvature formulation (Kofinas et. al. [20]). The field is a vast one. It
informs and motivates our study of this important invariant.
1.1. Riemannian manifolds without boundary. The classical 2-dimensional Gauss-Bonnet for-
mula
χ(M2) =
1
4π
∫
M2
τ dvolg (1.a)
has been generalized to the higher dimensional setting by Chern [9] (see related work by Allendoerfer
and Weil [1]). For example, in the crucial 4-dimensional setting, one has:
χ(M4) =
1
32π2
∫
M4
{τ2 − 4|ρ|2 + |R|2} dvolg .
Let (M, g) be a smooth compact Riemannian manifold without boundary; we shall consider the case
when M has boundary presently in Section 1.3. If ~x = (x1, . . . , xm) is a system of local coordinates,
let
dvolg = det(gij)
1/2dx1 . . . dxm
be the Riemannian measure. Let ∇ be the Levi-Civita connection of M and let
Rijkl := g((∇ei∇ej −∇ej∇ei −∇[ei,ej ])ek, el)
be the components of the Riemann curvature tensor relative to an arbitrary local frame field {ei}
for the tangent bundle TM . We adopt the Einstein convention and sum over repeated indices. Let
m = 2ℓ be even. Define the Pfaffian by setting:
Em(g) :=
1
(8π)ℓℓ!
Ri1i2j2j1 ...Riℓ−1iℓjℓjℓ−1g(e
i1 ∧ ... ∧ eiℓ , ej1 ∧ ... ∧ ejℓ) . (1.b)
We refer to Chern [9] for the proof of the following result; there is also a heat equation proof due to
Patodi [29]. Note that the Euler characteristic χ(M) of any compact manifold without boundary of
odd dimension vanishes so only the even dimensional case is of interest.
Theorem 1.1. Let (M, g) be a compact Riemannian manifold without boundary of dimension m ≡ 0
mod 2. Then
χ(M) =
∫
M
Em(g) dvolg .
1.2. Pseudo-Riemannian manifolds without boundary. Avez [3] and Chern [10] indepen-
dently extended Theorem 1.1 to the indefinite setting (there is a slight mistake in Chern’s paper as
the the sign change (−1)p/2 is not present in [10]). Let (M, g) be a compact pseudo-Riemannian
manifold without boundary of signature (p, q). The volume element is then given by
| dvolg | = | det(gij)|
1/2dx1 . . . dxm .
We use Equation (1.b) to define Em(g) without change. One then has:
Theorem 1.2. Let (M, g) be a compact pseudo-Riemannian manifold of signature (p, q) without
boundary of dimension m ≡ 0 mod 2. If p ≡ 1 mod 2, then χ(M) vanishes. If p ≡ 0 mod 2 , then
χ(M) = (−1)p/2
∫
M
Em| dvolg |.
We refer to work by Benincasa, Dowker, and Schmitzer [4], Bonome et al. [7], Derdzinski and
Roter [11], Li, Duan, and Song [26], and Matsushita and Law [28] for a discussion of the role that
Theorem 1.2 plays in pseudo-Riemannian geometry. In the 2-dimensional setting, Theorem 1.2 been
extended to pseudo-Riemannian metrics with varying signatures by Pelletier [30] and subsequently
by Steller [34]; again the sign change plays a crucial role. The field is an active one and it is not
possible to discuss all the results in this area in this short note.
Rather than invoking the Chern-Weil homomorphism as was done by Chern [10] or by going back
to the original proof of Chern as was done by Avez [3], we shall derive Theorem 1.2 directly from
Theorem 1.1 using analytic continuation. In Section 2, we shall consider complex “metrics” on the
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tangent bundle and show the associated Euler-Lagrange equations for the Pfaffian Em vanish. This
will enable us to extend Theorem 1.1 to a restricted class of complex metrics – see Theorem 2.2. We
will then derive Theorem 1.2 from Theorem 2.2. We shall not deal with arbitrary complex metrics
since it may not be possible to extract an appropriate square root but shall content ourselves with
considering complex metrics which can be connected by a smooth family to Riemannian metrics in
order to avoid problems with holonomy.
1.3. Riemannian manifolds with boundary. If M is a 2-dimensional manifold with smooth
boundary, then Equation (1.a) must be adjusted to include a boundary contribution. Let κg be the
geodesic curvature. We then have
χ(M2) =
1
4π
∫
M2
τdA +
1
2π
∫
∂M2
κgds .
Chern’s original paper [9] also gives a formula for the Euler characteristic in the context of Rie-
mannian manifolds with smooth boundary. Near the boundary ∂M , let X be an inward pointing
normal vector field and let {X, e2, . . . , em} be a local frame field for TM where {e2, . . . , em} is an
arbitrary local frame field for the tangent bundle of the boundary. The components of the second
fundamental form are then given by
Lab := g(X,X)
−1/2g(∇eaeb, X) . (1.c)
The transgression of the Pfaffian is then defined by summing over indices which range from 2 to m
and by summing over relevant expressions in the second fundamental form:
TEm(g) :=
∑
µ
{
Ra1a2b2b1 ...Ra2µ−1a2µb2µb2µ−1La2µ+1b2µ+1 ...Lam−1bm−1
(8π)
µ
µ! Vol(Sm−1−2µ)(m− 1− 2µ)!
× g(ea1 ∧ · · · ∧ eam−1 , eb1 ∧ · · · ∧ ebm−1)
}
.
(1.d)
Note that if m is odd, then χ(M) = 12χ(∂M) so we may apply Theorem 1.1 to compute χ(∂M) and
thereby express χ(M) in terms of curvature. We therefore assume m ≡ 0 mod 2.
Theorem 1.3. Let (M, g) be a compact smooth manifold Riemannian manifold of dimension m ≡ 0
mod 2 with smooth boundary ∂M . Then:
χ(M) =
∫
M
Em(g) dvolg +
∫
∂M
TEm(g) dvolg|∂M .
Alty [2] generalized this result to the case of pseudo-Riemannian manifolds with boundary under
the assumption that the normal vector was either spacelike, timelike, or null on each boundary
component by combining the analysis of Avez [3] with the original discussion of Chern [9]. We
shall not deal with the null case and in the interests of simplicity shall simply assume the normal
vector to be either timelike or spacelike or, equivalently, that the restriction of the metric to the
boundary is non-degenerate. We use Equation (1.c) and Equation (1.d) to define TEm where we
replace g(X,X)1/2 by |g(X,X)|1/2 just like we replaced det(g)1/2 by | det(g)|1/2 previously when
defining the Pfaffian. We then have:
Theorem 1.4. Let (M, g) be a compact smooth pseudo-Riemannian manifold of dimension m ≡ 0
mod 2 and signature (p, q) which has smooth boundary ∂M . Assume g|∂M is non-degenerate. If p
is odd, then χ(M) = 0. Otherwise
χ(M) = (−1)p/2
{∫
M
Em(g)| dvolg |+
∫
∂M
TEm(g)| dvolg|∂M |
}
.
We refer to the articles by Dappiaggi, Hack, and Pinamonti [12]; Saa [33]; and Dunn, Harriott,
and Williams [13] for a discussion of the role Theorem 1.4 plays in various applications. Section 3
will be devoted to a derivation of this result from Theorem 1.3 using analytic continuation.
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2. The proof of Theorem 1.2
The following is a useful technical observation which we shall need subsequently. Although it is
well known, we present the proof to keep our treatment self-contained.
Lemma 2.1. Let (M, g1) be a pseudo-Riemannian manifold of signature (p, q). There exist smooth
complementary subbundles V± of TM so that TM = V− ⊕ V+, so that V+ is perpendicular to V−,
so that restriction of g1 to V+ is positive definite, and so that the restriction of g1 to V− is negative
definite.
Proof. Let gr be an auxiliary Riemannian metric. Express g1(ξ1, ξ2) = gr(Tξ1, ξ2) where T is an
invertible linear map of the tangent bundle which is self-adjoint with respect to gr. The bundle V+
(resp. V−) can then be taken to be the span of the eigenvectors of T corresponding to positive (resp.
negative) eigenvalues of T . 
Let g ∈ C∞(S2(T ∗M) ⊗ C) be a complex “metric”. We assume det(g) 6= 0 as a non-degeneracy
condition. The Levi-Civita connection and curvature tensor may then be defined. To maintain
analyticity, we set dvol := det(gij)
1/2dx1 . . . dxm; we do not take the absolute value. There is a
subtlety here since, of course, there are 2 branches of the square root function. We shall ignore this
for the moment in the interests of simplifying the argument and return to this point in a moment.
We use the formula of Theorem 1.1 to define the Pfaffian and to consider
∫
M
Em(g) dvolg. Let
gǫ be a smooth 1-parameter family of complex “metrics”. Let h := ∂ǫgǫ|ǫ=ǫ0 . We differentiate with
respect to the parameter ǫ and integrate by parts to define the Euler-Lagrange equations:
∂ǫ
{∫
M
Em(gǫ) dvolgǫ
}∣∣∣∣
ǫ=ǫ0
=
∫
M
gǫ0((TEm)(gǫ0), h) dvolgǫ0
where TEm(·) ∈ C
∞(S2(T ∗M)⊗ C) is the transgression of the Pfaffian Em.
The Euler-Lagrange equations (i.e. TEm) are defined in any dimension n ≥ m. Although a-priori
TEm can involve the 4
th derivatives of the metric in dimensions n > m, Berger [5] conjectured
it only involved curvature; this was subsequently verified by Kuz’mina [22] and Labbi [23, 24, 25]
– see also related work in [17]. What is crucial for us, however, is that Theorem 1.1 shows that
TEm(g) = 0 if (M, g) is a Riemannian manifold with dim(M) = m since
∫
M Em(gǫ) dvolgǫ = χ(M)
is independent of ǫ.
The invariant TEm is locally computable. In any coordinate system, it is polynomial in the
derivatives of the metric, the components of the metric, and det(gij)
−1/2. Thus, fixing a point of
the manifold, it is holomorphic in the metric and the jets of the metric at the point P . This is
now a purely algebraic problem. Since TEm vanishes identically when g is real and since we are
only imposing the condition det(g) 6= 0 which does not disconnect the parameter space, we may use
analytic continuation to conclude TEm vanishes identically when g is complex as well. This proves
the following result:
Theorem 2.2. Let M be a compact manifold of dimension m ≡ 0 mod 2 without boundary. Let gǫ
be a smooth 1-parameter family of complex metrics which contains a Riemannian metric for some ǫ.
Then we can define a branch of det(gǫ)
1/2 along this family so that
∫
M
Em(gǫ) dvolgǫ is independent
of ǫ and consequently
χ(M) =
∫
M
Em(gǫ) dvolgǫ for any ǫ .
If M is not simply connected, there may be difficulties in defining det(g)1/2 consistently over the
manifold. And furthermore, if g is not in the same homotopy class as a Riemannian metric, there
may be difficulties evaluating the integral. However Theorem 2.2 as stated is sufficient to establish
Theorem 1.2.
We proceed as follows to prove Theorem 1.2. Let (M, g1) be a compact pseudo-Riemannian
manifold without boundary of dimension m ≡ 0 mod 2 and signature (p, q). Apply Lemma 2.1 to
decompose TM = V−⊕V+. Let g± := ±g1|V± so g1 = −g−⊕g+. Let g0 := g−⊕g+ be a Riemannian
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metric on M . We follow a circular arc from 1 to −1 in the complex plane given by eǫπ
√−1 to define
the following variation connecting g0 to g1:
gǫ := e
ǫπ
√−1g− ⊕ g+ . (2.a)
We note det(gǫ) = det(g0)e
pπǫ
√−1 so the family is admissible and we have:
det(gǫ)
1/2 = e
√−1p/2 det(g0)1/2 .
If p is odd, then det(g1)
1/2 will be purely imaginary and thus χ(M) will be purely imaginary.
Since χ(M) is real, we conclude χ(M) = 0 in this case. On the other hand, if p is even, then
det(g1)
1/2 = (−1)p/2 det(g0) and thus Theorem 1.2 follows from Theorem 2.2. 
It is worth considering a few examples just to check the sign. Suppose (M, g0) is a Riemann
surface. Let g1 = −g0 have signature (2, 0). Then the Levi-Civita connection of g1 and the Levi-
Civita connection of g0 agree so
Rijk
ℓ(g1) = Rijk
ℓ(g0) and τ(g1) = g
jk
1 Rijk
i(g1) = −g
jk
0 Rijk
i(g0) = −τ(g0) .
As | dvol |(g0) = | dvol |(g1), one must change the sign in the Gauss-Bonnet theorem:
χ(M) = −
1
4π
∫
M
τ(g1)| dvol |(g1) .
In dimension 4, if (M, g) = (M1, h1) × (M2, h2) is the product of two Riemann surfaces, then the
Gauss-Bonnet theorem decouples and we have χ(M) = χ(M1)χ(M2) and E4(g) = E2(h1)E2(h2).
Thus we will not need to change the sign in signature (4, 0) or (0, 4) but we will need to change the
sign in signature (2, 2). The fact that the Euler characteristic vanishes if p and q are both odd is
not, of course, new but follows from standard characteristic class theory.
3. The proof of Theorem 1.4
If (M, g) is Riemannian, Theorem 1.3 follows from Chern [10]; a heat equation proof appears in
[15]. So the trick is to extend Theorem 1.3 to the pseudo-Riemannian setting directly rather than,
as was done by Alty [2], redo the analysis of Chern in the pseudo-Riemannian context by examining
the index of vector fields with isolated singularities. Again, we will use analytic continuation. But
there is an important difference. Let (M, g1) be a pseudo-Riemannian manifold. We suppose g1|∂M
is non-degenerate. Choose a non-zero vector field X which is normal to the boundary and inward
pointing. We can identify a neighborhood of the boundary ∂M in M with [0, ǫ)× ∂M and choose
local coordinates (x1, . . . , xm) so that X = ∂x1 and so that ∂M = {x : x
1 = 0}. We then have
det(g1|∂M )g1(X,X)|∂M = det(g1)|∂M . (3.a)
We use Lemma 2.1 to choose smooth complementary subbundles V± of TM so that TM = V−⊕V+,
so that V+ is perpendicular to V−, so that restriction of g1 to V+ is positive definite, and so that
the restriction of g1 to V− is negative definite. We may further normalize the splitting to assume
that if the normal vector X is spacelike, then X ∈ C∞(V +|∂M ) while if the normal vector X is
timelike, then X ∈ C∞(V−|∂M ). Thus the splitting TM = V− ⊕ V+ induces a corresponding
splitting T (∂M) = W− ⊕W+ where W± = T (∂M) ∩ V±.
We now consider the smooth 1-parameter of complex variations gǫ given above in Equation (2.a).
The unit normal is then given by X · gǫ(X,X)
−1/2. In the expressions for TEm, there are an odd
number of terms which contain the second fundamental form L and hence gǫ(X,X)
−1/2 appears.
By Equation (3.a): {
gǫ(X,X) det(gǫ|∂M )
}1/2
=
{
det(gǫ)
1/2
}∣∣∣∣
∂M
.
Thus once again, we must take the square root of (−1)p in the analytic continuation. Apart from
this, the remainder of the argument is the same as that used to prove Theorem 1.2. We note that
an appropriate analogue of Theorem 2.2 holds. 
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